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Goal

e
e We are interested in .the time evolution Of .S IR dynamics on ne.tworks.. During t.he time pérlod We are interested in an ST dynamics on a network ensemble specified by a degree sequence
t,t + dt), a susceptible (5) node has probability « dt for each of its infectious (1) neighbour to itself

r \
become .mtfe(;t.lous. Nt[oreover, anhmfectlotis 1node has probability p dt to become removed (R). In the 6} g \AQ prob. i dt Dogrec N @ - N I : :g: g d‘>. J Ce I Ce J Q
appropriate time unit, we may choose o = 1. Number X 2 : ; ; Q> Qa :

e A network ensemble is specified by its degree sequence; the stubs corresponding to these degrees are attached at random. The probability for ¥ | 8/35 8/35 8/35 4/35 1/35 4/35 2/35
each outcome on a given structure is weighted by the probability for that structure in the network ensemble.
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[f patient zero (the first infectious) is of degree 1, the system is initially in the state [10(0)) = |, | ; )

@

Degree (0123

Nu%nber 033 = “ X 2 : ¢ {.\’k:\., .\.@, ./.S :\., } The differ'egt'ial equation provided by L giyes the flow = R

of probabilities between states. A convenient analogy e 0021 3 free stubs

e We want to take into account the finite size of the system since some questions cannot be answered by a formalism assuming infinite size. may be done with the flow of water (representing prob- ‘O 10 O>

abilities) between buckets (representing states). Each J
S

bucket may have some holes of varying size (represent-

ing the rates specified by L) from which water may leak
e We require results to be under the form of probability distributions. The principal alternative, 7.e. a treatment of mean values, does not convey to a bucket placed under it.

sufficient information about the wide variety of possible outcomes (ranging from outbreaks to epidemics). The first bucket has two holes leading to the ‘o 0 1 1> and
1100

[ J

S

‘(1) o 1 o) buckets at rates 4/7 and 3/7 respectively [3 octious || [000 1> ‘O =5 i E .
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The appI‘OaCh, . o v e and the mat hS Since these are constants, we know that 4/7 of the wa-
ter will eventually pass through the first bucket and 3/7

through the second. 4 infectious

— How long does an epidemic take to invade the system?

— If an epidemic would affect 10% of an infinite population, how many would be infected in a population of 100 nodes?
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stubs, 7.e. stubs for which we do not yet know which node is at the other end of the [ A Some buckets have no holes. This occurs for states with
o 41 £2 43 **~

link. We define the state of a SI system through the numbers Sy, 51, So, ...and no infectious nodes bearing free stubs since applying L
lo, I1, Iy, ... onto them gives 0. The long term distribution |1(00)) & y

may only be composed of such states

3 0020> 8 001o> 240000>

We note S;. and I the number of susceptible and infectious nodes with £ unassigned Sy Sy Sy Sy -
‘2 0 free stub

At time ¢, each of these states has a probability to be the one that will be achieved by Sp S1 - Sp S1 -
the stochastic ST dynamics over one of the possible structure of the network ensemble. U(2)) = Z P ( Iy Iy - |t> Iy I - > [h(c0)) = — 4= 4 22
The complete distribution of all those probabilities is what we are looking for. 3512000 35(3000 3504000
Obtaining this long term distribution does not require to solve the differential equation
% () = L)), |o@) = ol 1(0)) sygtem. Indeed, one may instead dgtermine for each bucket the fraction. of water that
will eventually pass through each of its holes. The process is repeated until only buckets
without holes contain water.
When the time evolution is required, the distribution of probability for each state
The “diagonal part” of L takes into account the probabilities leaving each state. This Z kI, S0 91 > _ Z kbl];bk S0 91 > 1h(t)) = el 1(0)) can be computed. If the quantity of interest is the number of infec-
is proportional to the total number of stubs belonging to infectious nodes. ) Iy Iy - 3 Iy Iy - tious nodes, the distribution of probability for states can be converted to a distribution
Sy Sy - > for the number of infectious nodes. This is simply done by summing the probability for

_ I
- Z kbj,_1 by, Iy Iy - each states bearing the same number of infectious.
k

_ Z kb}; ay 50 O1 - > Figure: Time evolution of the probabilities for the number of infectious
k

The time evolution of this distribution is provided by a high-dimensional differential
equation system. The transition rate matrix (or operator) L completely specify the
probability flows between states. Provided an initial condition, the solution is readily
obtained.
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When we decide what is at the other end of a stub belonging to an infectious node, e Ok Sk

this node has now one less unassigned stub. o+ 1 L =1 2 infectious

1 infectious

Similarly, a susceptible node acquiring the infection becomes an infectious node with e Spp Sp—1-
one less unassigned stub (the one from which it acquired the infection). ol 1+ 1 Iy

3
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Iy Iy --- nodes. The lines show the solution of the differential equations while the
symbols are obtained through Monte-Carlo numerical simulations.

Unassigned stubs from infectious nodes form links with other stubs at random. In 1 S0 S1 -\ 0 Sog S1 -

order to preserve normalization, the rate at which this is done must be divided by Sk (S + L) | Lo 11 -+ Iy Iy -

the total number of unassigned stubs. | 1 ; ; ;
with 071 = "k (afay + bjby + cley)
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STR only

The contributions to L for a ST system are thus the following.
e One of the k unassigned stubs of an infectious node may get assigned (—k b};bk).

e This stub may target a susceptible node (K'bl, a,,Qkbl b, ) by + bl yby ) Q0L by = > kblh,
k

e or an infectious node with &’ unassigned stubs (&’ b};,_lbk,ﬂ k b;;_lbk). Degree (012 3
Number| 0 10[10[6 |4 Y — 1pitial state: ‘

A more complex case Exact?

1 The difference between the analytical results and the Monte-Carlo
09 10 6 4> numerical simulations decreases with the number Ng of simulations.

: —1/2. .
In a SIR system, additional contributions must be taken into account. b};,_lak/ + blt:’—lbk’ + c]z,_lck,) () bli—lbk 01000 Moreover, the rate of this decrease (Ng / ) is the one that would

e An infectious may target a removed (k' cL,_lck,Q k b/t—lbk)' Patient zero has degree 1., be expected if the analytical results were exact.
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e An infectious may become removed (,uc;r{bk — ,ub};bk). T zk: ('“Ckbk (K + ) bkbk) o | | | | 107"
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ey o7 4 : ili ith PGFs?
Annihilation and creation operators Familiar wil

e o7 L . t I-F you are more 'Famlhar
We define the annihilation (a, and b, V k) and creation (a, with Proba bilit y aenera ti hg | ISR :
and b}; V k) operators through their effects on a state Functions (Pa4Fs ) T?a ‘;,/) with | e ~ | ! ' / \{\i\:‘%‘&%\&)‘} .
. hilation | = | Wb anas
creation and annihila 7zt
.>—% T

operators, you may fin 4‘ VM )
1

the following equivalences I 1 :

Number of numerical simulations

Probability

Error at the final state

The network ensembles used for both the numerical simulations
and the analytical approach are such that self loops (@) and
repeated links (@_®) are allowed.

N
ol

N
o

When such structures are forbidden, the formalism presented here
is not exact. However, these structures become less likely with
an increase in the network size. Hence, the formalism will produces
very good results for networks that are not too small.

Their commutators (defined as [X,Y] = XY — Y X) are
{% aH = Oy [bka b/];/} = Oy
0 0 o ] Fonds de recherche
[ak,ak/} — {ak,bk,} — |:ak,b;2,i| = |:bk,bk/i| — |:CL2,CL]JL/1| = [&L,b};,} = {@L,bk/} = |:b;2,b;2,i| =0 . :Lt";ég?ei%’r';glogies

Québec
For 5IR systems, ¢, and C;L are defined similarly except that they act on removed nodes.

Number of infectious
= =
o U1




